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ABSTRACT
The development of vertical vorticity under adiabatic condition is investigated by virtue of the view of
potential vorticity and potential temperature (PV–θ) and from a Lagrangian perspective. A new concept
of generalized slantwise vorticity development (GSVD) is introduced for adiabatic condition. The GSVD
is a coordinate independent framework of vorticity development (VD), which includes slantwise vorticity
development (SVD) when a particle is sliding down the concave slope or up the convex slope of a sharply
tilting isentropic surface under stable or unstable condition. The SVD is a special VD for studying the
severe weather systems with rapid development of vertical vorticity. In addition, the GSVD clariﬁes VD
and SVD. The criteria for VD and SVD demonstrate that the demand for SVD is much more restricted
than the demand for VD. When an air parcel is moving down the concave slope or up the convex slope of
a sharply tilting isentropic surface in a stable stratiﬁed atmosphere with its stability decreasing, or in an
unstable atmosphere with its stability increasing, i.e., its stability θz approaches zero, its vertical vorticity
can develop rapidly if its CD is decreasing.
The theoretical results are employed to analyze a Tibetan Plateau (TP) vortex (TPV), which appeared
over the TP, then slid down and moved eastward in late July 2008, resulting in heavy rainfall in Sichuan
Province and along the middle and lower reaches of the Yangtze River. The change of PV2 contributed to
the intensiﬁcation of the TPV from 0000 to 0600 UTC 22 July 2008 when it slid upward on the upslope of
the northeastern edge of the Sichuan basin, since the changes in both horizontal vorticity η s and baroclinity
θ s have positive eﬀects on the development of vertical vorticity. At 0600 UTC 22 July 2008, the criterion
for SVD at 300 K isentropic surface is satisﬁed, meaning that SVD occurred and contributed signiﬁcantly
to the development of vertical vorticity. The appearance of the stronger signals concerning the VD and
SVD surrounding the vortex indicates that the GSVD concept can serve as a useful tool for diagnosing the
development of weather systems.
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1. Introduction
In Part I of this study (Zheng et al., 2013), the
impacts of diabatic heating on the development and
movement of vortex was investigated from a PV–Q
and Lagrangian perspective, which showed that the
inhomogeneity in both vertical and horizontal direc-

tions of condensation heating plays a leading role in
the vortex’s development and movement. As a followup, this study focuses on the vorticity development of
a vortex under adiabatic constrain by revisiting the
slantwise vorticity development (SVD) (Wu and Liu,
1997) from a PV–θ perspective. As presented in Part
I, the vertical absolute vorticity per unit mass can be
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expressed as
ηz =

Taking

PVe − PV2
PVe
=
− CD , θz = 0,
θz
θz

(1)

PV2
η · θs
= s
, θz = 0.
θz
θz

(2)

CD =

All notations used here and in the following are
adopted from Part I (Zheng et al., 2013).
Based on the conservation of Ertel potential vorticity, Wu and Liu (1997) proposed the SVD theory
to interpret the intense vertical vorticity development
of a Lagrangian particle sliding down a slantwise isentropic surface. The condition for the SVD is also given
in Wu and Liu (1997) and is duplicated here:

1
1 
CD (t + Δt) − CD (t) < PVe
−
. (3)
θz (t + Δt) θz (t)
The SVD for a statically stable atmosphere was
schematically explained by Wu and Liu (1997) for the
downsliding case and by Cui et al. (2003) for an upsliding case.
Many applications of the SVD theory to diagnosing occurrences of torrential rain and severe weather
obtained reasonable results and demonstrated that
vertical vorticity can develop dramatically along the
sharply sloping isentropic surface, and the condition
CD < 0 was diagnosed in some cases (Cui et al., 2002;
Ma et al., 2002; Chen et al., 2004; Jiang et al., 2004;
Wang et al., 2007). However, as shown in Eq. (1),
the vertical vorticity development depends not only
on CD , but also on static stability θz under the conservation of PVe . From the deﬁnition of CD in Eq.
(2), a negative CD under stable stratiﬁcation implies
a negative PV2 . It was proved (Hoskins et al., 1985)
that in the pressure coordinates PVp2 is negative for
geostrophic balance. In the height coordinates, the
hydrostatic balance yields
⎧
1
⎪
⎨ ∇s p = θ∇s π,
ρ
(4)
⎪
⎩ ∂π = − g ,
∂z
θ
 p R/Cp
where π = Cp
is the Exner function. Then,
p0
the geostrophic wind in the height coordinates is
Vg =

k
k
× ∇s p = θ × ∇s π.
ρf
f

(5)

∂
on Eq. (5) yields the thermal wind
∂z
∂V g
∂θ k
∂π
k
=
× ∇s π + θ × ∇s
∂z
∂z f
f
∂z
∂θ k
gk
=
× ∇s π +
× ∇s θ.
∂z f
θf

where
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(6)

Therefore,

∂V g
PV2 = α k ×
· ∇s θ
∂z

g
α
= − θz ∇s π · ∇s θ + |∇s θ|2 ,
f
θ

(7)

and
CD =

PV2
α
g
= − ∇s π · ∇s θ +
|∇s θ|2 .
θz
f
θθz

(8)

In the Northern Hemisphere, the geostrophic vertical
vorticity f is positive, and the second term PV22 (=
αg
−
|∇s θ|2 ) on the right hand side of Eq. (7) is negafθ
α
tive. Although the ﬁrst term PV12 (= − θz ∇s π · ∇s θ)
f
is not necessarily negative, its magnitude is usually smaller compared with the second term PV22 ,
so PV2 is almost negative in the troposphere under
the geostrophic balance. Figure 1 presents the threedimensional distributions of CD and PV2 under the
real weather condition at 0600 UTC 22 July 2008.
The distributions for other time slices are similar. It
demonstrates that both CD and PV2 are usually negative through out the troposphere. Therefore, using
CD < 0 alone as the criterion of SVD is inappropriate.
For more general cases, the inﬂuence of the change in
static stability needs to be considered.
In the study of Zheng et al. (2013), the equation
for vertical vorticity development was deduced from a
Lagrangian perspective as follows:
D  PVe − PV2
Dηz
=
Dt
Dt
θz
1 DPV2
ηz Dθz
1 DPVe
−
−
.
=
θz Dt
θz Dt
θz Dt

(9)

It was demonstrated that the ﬁrst term on the
right hand side of Eq. (9), which is associated with
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Fig. 1. Distributions at 100 hPa (a1 , a2 ), 500 hPa (b1 , b2 ), and 900 hPa (c1 , c2 ) of CD (a1 , b1 , c1 ; 10−5 m3 (kg s)−1 )
and PV2 (a2 , b2 , c2 ; 10−1 PVU, 1 PVU=10−6 m2 K (kg s)−1 ) at 0600 UTC 22 July 2008. Yellow masks the region
underneath the ground surface, the same for following ﬁgures.

the diabatic heating, plays a leading role in the development and movement of a vortex. However, in some
stages of the vortex development, the other terms,
which are associated with the internal thermal structure of the atmosphere and can be interpreted by using SVD, can play comparable roles as the diabatic
heating in the vortex development. Actually, SVD
usually occurs at the initial stage of a vortex development before precipitation starts. When the vortex
has developed to some extent, vertical rising develops
within the vortex and precipitation appears, leading
to the condensation diabatic heating, thereby enhanc-

ing the development of the vortex. In this regard, it
is more important and practical to understand how
SVD occurs in a more general circumstance from the
Lagrangian perspective.
In Section 2, the SVD of a particle moving along
a tilted isentropic surface is studied. The GSVD from
a Lagrangian perspective is investigated in Section
3, and the necessary and suﬃcient condition for VD
and SVD is clariﬁed under the GSVD framework. In
Section 4, the GSVD just developed is used to diagnose a vortex that developed over the TP then moved
down to the Sichuan basin in July 2008. The relative
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contributions to vertical vorticity development of the
changes in both horizontal potential vorticity PV2 and
static stability θz are also analyzed. Conclusions and
discussion are summarized in Section 5.
2. Slantwise vorticity development on a sloping
isentropic surface
π
) as the acute angle between ∇θ
2
θs
, and deﬁne
and the vertical direction, i.e., tan β =
|θz |
∈ [0, π] as the angle between horizontal vorticity η s
and baroclinity θ s . Then
⎧
η θ cos
⎪
⎨ CD = s s
= +ηs cos tanβ, if θz > 0, (10a)
θz
η θ cos
⎪
⎩ CD = s s
= −ηs cos tanβ, if θz < 0, (10b)
θz
Deﬁne β ∈ [0,

where ηs = |η s | and θs = |θ s |.
∇θ = θx i + θy j + θz k = θs s + θz k = θn n,

(11)

where θn = |∇θ|, the unit vector n is the direction of
∇θ, and the unit vector s is the direction of ∇s θ.
Then
⎧
PVe = η a · ∇θ = ηn θn > 0,
⎪
⎪
⎪
⎨
⇒ ηn > 0, if θz > 0,
(12a)
⎪
PVe = η a · ∇θ = ηn θn < 0,
⎪
⎪
⎩
⇒ ηn < 0, if θz < 0,
(12b)
where ηn = η a · n is the projection of absolute vorticity η a on the direction of n.
Therefore, Eq. (1) can be written as
⎧
ηn
⎨ ηz = +
− ηs cos tanβ, if θz > 0,
(13a)
cosβ
⎩ ηz = − ηn + ηs cos tanβ, if θz < 0.
(13b)
cosβ
If CD < 0, Eq. (10) yields
π 
⎧
⎨ cos < 0, ⇒
∈
,π ,
2π
⎩ cos > 0, ⇒
,
∈ 0,
2

if θz > 0,

(14a)

if θz < 0,

(14b)

since both ηs and tanβ are positive.
Using Eqs. (14) and (12), Eq. (13) can be written
as

ηz =

|ηn |
+ ηs |cos |tanβ.
cosβ

(15)
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Under the constraint of CD < 0, taking derivative of
Eq. (15) with respect to β leads to
 |η |sinβ
 D|η | 1
ηs |cos |
Dηz
n
n
=
+
+
Dβ
cos2 β
cos2 β
Dβ cosβ
Dηs
D|cos |
+
|cos |tanβ + ηs
tanβ .
(16)
Dβ
Dβ
The terms in the ﬁrst parenthesis on the right hand
side of Eq. (16) are second order positive inﬁnite but
the terms in the second parenthesis are ﬁrst order posπ
itive or negative inﬁnite when β approaches , thus
2
π
Dηz
→ ∞, if β → ,
(17)
Dβ
2
which demonstrates that when an air particle is sliding down the concave slope or up the convex slope of
an isentropic surface and CD < 0, its vertical vorticity
will increase rapidly.
Assuming the directions of horizontal vorticity η s
and baroclinity θ s are strictly opposite (identical) for
a stable (unstable) atmosphere, i.e., = π ( = 0)
for θz > 0 (θz < 0), then CD < 0; and assuming θn
is constant, then ηn is constant, since PVe = ηn θn is
conserved. Thus, Eq. (15) becomes
ηz =

|ηn |
π
+ ηs tanβ ⇒ ηz → ∞, if β → ,
cosβ
2

(18)

which is illustrated schematically in Fig. 2 (Fig. 3)
for the downsliding SVD in the stable (unstable) atmosphere. Equation (18) can be used to explain the
upsliding SVD in the stable or unstable atmosphere.
Since there is no essential diﬀerence between downsliding SVD and upsliding SVD, the schematic diagram
for upsliding SVD is not shown here. An air particle
at the initial position A0 possesses zero CD since the
isentropic surface is horizontally located. During the
adiabatic movement of the particle, because the directions of horizontal vorticity η s and baroclinity θ s are
strictly opposite (identical) for a stable (unstable) atmosphere, when the particle moves from A0 to A at
the same isentropic surface, its vertical absolute vorticity ηz is increased.
It is worthy a note that the above analysis is
just a qualitative demonstration of the SVD conception. Under the premise CD < 0, vertical vorticity
will increase dramatically when a particle is moving
along a sharply tilted isentropic surface (i.e., β increases rapidly).
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3.1 Vorticity development (VD)
Taking derivative of Eq. (1) with respect to time
under the constraint of the conservation of Ertel potential vorticity leads to
 Dη

z

Dt

Fig. 2. Schematic diagram showing the development of

of a θ surface, and PVe (= ηn θn ) is conserved. When it
slides down the θ surface at an angle β to position A, due
|ηn |
+ ηs tanβ, the increasing in β can result in
to ηz =
cosβ
the development of ηz .

DCD
PVe Dθz
−
,
θz2 Dt
Dt

DCD
PVe Dθz
<− 2
,
Dt
θz Dt

wise sloping of the isentropic surface when the directions
Initially, a particle is at position A0 on the horizontal part

=−

θz = 0.

DCD
PVe Dθz
,
+
2
θz Dt
Dt

θz = 0.

(22)

PVe Dθz
DCD
<0<− 2
,
Dt
θz Dt
Eq. (22) yields

θz = 0,

(23)

Dt

A

=−

If

 Dη

z

Dt

when the directions of horizontal vortical η s and baroclin-

3. Generalized slantwise vorticity development
(GSVD)
The above SVD theory is based on isentropic coordinate with a priori assumption that the sloping angle β of isentropic surface increases with time. Since
Dηz
Dηz Dβ
=
, the change of the tilting angle β of
Dt
Dβ Dt
the isentropic surface has to be analyzed as well. This
is inconvenient and usually ignored in the application
of SVD. For practical reasons and making it move general, the SVD will be studied from a Lagrangian perspective.

(20)

3.2 Slantwise vorticity development (SVD)
DCD
< 0,
(21)
If
Dt
Eq. (19) can be written as
z

ity θ s are strictly identical.

(19)

This is the condition given in Eq. (3) by Wu and Liu
(1997) but in a diﬀerent form.

 Dη

Fig. 3. As in Fig. 2, but for the unstable atmosphere case

θz = 0,

 Dη
z
denotes the adiabatic development of
where
Dt A
vertical vorticity. Thus, the necessary and suﬃcient
condition for VD is

vertical vorticity in a stable atmosphere owing to the slantof horizontal vortical η s and baroclinity θ s are opposite.

A

A

→ ∞,

if |θz | → 0.

(24)

This implies that when Eq. (23) is satisﬁed, the vertical vorticity of an air particle can develop rapidly if
the atmospheric static stability approaches neutral.
In general, in an inertial stable atmosphere, the
signs of PVe and θz are identical. In such circumstances, Eq. (23) can be interpreted as:
⎧
Dθz
DCD
⎪
⎨
< 0 and
< 0, if θz > 0,
Dt
Dt
⎪
⎩ Dθz > 0 and DCD < 0, if θz < 0,
Dt
Dt

(25a)
(25b)

Therefore, the SVD can be stated as: When an air
particle is sliding down the concave slope or up the
convex slope of an isentropic surface in a stable stratiﬁed atmosphere with its static stability decreasing, or
in an unstable atmosphere with its static stability increasing, its vertical vorticity can develop rapidly if
its CD is decreasing. That is, the vertical vorticity of
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an air particle will intensify rapidly when its stability
approaches zero, i.e., the particle is inclined to neutral
stability, if its CD decreases.
3.3 Relation between VD and SVD
Integration with respect to time of the necessary
and suﬃcient condition Eq. (20) leads to
ΔCD <

t+Δt
t

−

 PV
PVe Dθz
e
Dt
=
−
θz2 Dt
θz2
θz = 0,

∗

Δθz ,
(26)

where ΔCD = CD (t + Δt) − CD (t) and Δθz = θz (t +
Δt) − θz (t). Let
 PV
e
Γ=−
θz2

∗

Δθz ,

θz = 0.

(27)

For a stable atmosphere (θz > 0, then PVe > 0) and
a decreasing stability (Δθz < 0), or for an unstable
atmosphere (θz < 0, then PVe < 0) and an increasing
stability (Δθz > 0), Γ > 0. In such a circumstance,
the necessary and suﬃcient condition Eq. (26) for VD
becomes
ΔCD < Γ.

(28)

On the other hand, integration with respect to
time of Eq. (21) for SVD yields

For PVe conservation, Eq. (9) becomes
 Dη
ηz Dθz
1 DPV2
z
−
=−
Dt A
θz Dt
θz Dt
PVe Dθz
> 0, θz = 0.
>− 2
θz Dt
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(32)

This provides the relation between SVD and the
change in PV2 , and indicates that in a stable (unstable) atmosphere, a decrease (increase) of PV2 will
result in vertical vorticity development. The intensity
of SVD depends on the change of atmospheric static
stability:
 Dη
D1
z
> 0, θz = 0.
> PVe
(33)
Dt A
Dt θz
Equation
(33)
indicates
that
only
when
D1
> 0 and the adiabatic development
PVe
 DηDt θz
D1
z
,
of vertical vorticity exceeds PVe
Dt A
Dt θz
can VD be named as SVD. For a symmetric stable
atmosphere with PVe > 0, when the static stability
decreases to approach neutral stratiﬁcation, SVD will
occur, leading to the occurrence of severe weather.
4. PV-θ analysis of a Tibetan Plateau vortex

The data and computational methods used here
are the same as those used in Part I of this study
(Zheng et al., 2013). In Part I, Eq. (9) was employed
ΔCD < 0.
(29)
to diagnose the development and movement of a TPV,
Comparison of Eqs. (28) and (29) indicates that the which was generated over the TP before 20 July 2008,
demand for SVD is much more restricted than the de- and slid down the TP after 1800 UTC 21 July 2008,
mand for VD, and the occurrence of severe weather then propagated eastward along the Yangtze River, reis much less frequent comparing with that of ordinary sulting in heavy precipitation along with the vortex.
The results (Figs. 5 and 6 in Part I) demonstrated
weather.
1 DPVe
that the contribution of
due to the change
3.4 Relation between PV2 and SVD
θz Dt
Dηz
of vertical
The necessary and suﬃcient condition Eq. (23) in PVe is analogous to the total change
Dt
vorticity with the same order of magnitudes; the posifor SVD can be written as
1 DPV2
tive center of the contribution of −
due to
1 DPV2
PV2 Dθz
PVe Dθz
θz Dt
− 2
<0<− 2
, θz = 0. (30)
θz Dt
θz Dt
θz Dt
the change in PV2 is coincident with the development
center of vertical vorticity of the TPV, though weaker
PVe Dθz
ηz Dθz
to
inequality
Eq.
Adding a negative term
in magnitude; whereas the contribution of −
θz2 Dt
θz Dt
(30) and multiplying –1 lead to
due to the change of static stability θz to the development of vertical vorticity is negative and is weaker
ηz Dθz
PVe Dθz
1 DPV2
−
>− 2
> 0, θz = 0. (31) in magnitude for the static stability θ increasing in a
−
z
θz Dt
θz Dt
θz Dt
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stable atmosphere, or is positive and weaker in magnitude for the static stability θz decreasing (increasing)
in a stable (unstable) atmosphere.
It was also demonstrated that it is the heterogeneity in both vertical and horizontal directions
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of the diabatic heating that plays a leading role in
the development and movement of the TPV. However,
in some stage of the vortex’s evolution, the adiabatic
1 DPV2
term −
played a signiﬁcant role in the vorθz Dt
tex’s development, which is comparable with the role

Fig. 4. Zonal vertical cross-sections across the center of the TPV at (a1 , a2 , a3 ) 1800 UTC 21, (b1 , b2 , b3 ) 0000 UTC
22, and (c1 , c2 , c3 ) 0600 UTC 22 July 2008. The vertical dashed line denotes the center of TPV. The shadings in left,
Dηz
middle, and right columns are the Lagrangian change of ηz (
; 10−5 m3 (kg s 6 h)−1 ), the Lagrangian change of
Dt
DPVe
PVe (
; 10−1 PVU (6 h)−1 ), and Q (K (6 h)−1 ), respectively.
Dt

22
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of diabatic heating. One example is selected on 22
July 2008 when the vortex was climbing the upslope of the mountain range over the northeastern
Sichuan Province. As shown in Fig. 2 in Part
I (Zheng et al., 2013), the area average precipitation associated with the TPV reached a maximum of 13 mm in 6 h at 0000 UTC 22 July 2008,
and the vertical relative vorticity of the TPV was
intensiﬁed to a maximum 2×10−4 s−1 at 0600 UTC 22

VOL.27

July 2008. Figure 4 shows the distributions of the total
change in vertical vorticity ηz , the change in potential
vorticity PVe , and the diabatic heating Q for this period, which are adopted from Fig. 7 in Part I. The
evolutions of vertical vorticity development (left panels) and diabatic heating Q (right panels) of the TPV
indicate that its intensity and precipitation developed
rapidly in this 12-h interval. More importantly, the
contribution to this development from the diabatic

DCD
1 DPV2
PV2 Dθz
5. Distributions on the 330- and 315-K isentropic surfaces of
=
− 2
(left column),
Dt
θz Dt
θz Dt

DCD
PVe Dθz
Dηz
= γ−
γ=− 2
(middle column), and
(right column) at (a) 0000 UTC and (b) 0600 UTC 22 July
θz Dt
Dt A
Dt
2008. The unit of shading is 10−5 m3 (kg s 6 h)−1 . The cross means the location of the TPV, the same for following
Fig.

ﬁgures.
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Fig. 6. Development of vertical vorticity ηz (left column; 10−5 m3 (kg s 6 h)−1 ), and the associated contributions due to
θ s Dη s
1 DPV2
·
; middle left column), horizontal vorticity (−
; middle
the changes in horizontal potential vorticity (−
θz Dt
θz
Dt
η Dθ s
; right column) at (a) 0000 UTC and (b) 0600 UTC 22 July 2008. The contour
right column), and baroclinity (− s ·
θz Dt
and vector in the ﬁrst column are pressure in hPa and horizontal wind, respectively. The unit of shading in the last
three columns is 0.5×10−5 m3 (kg s 6 h)−1 .

1 DPVe
(middle panels) is signiﬁcant: its inθz Dt
tensity at each time step is close to the total change
Dηz
in vertical vorticity ηz . Besides, the height of
Dt
its maximum center also increases from 2 km at 1800

term

UTC 21 July 2008 to 3 km at 0000 UTC 22 July 2008,
and reaches 4 km 6 h later, contributing to the vertical
extension of the vortex.
Figure 5 shows the distributions on the 330DCD
and 315-K isentropic surfaces of the terms
=
Dt
1 DPV2
PV2 Dθz
PVe Dθz
−
, γ = − 2
, and
θ Dt
θz2 Dt
θz Dt
zDη
DCD
z
at 0000 and 0600 UTC 22 July
=γ−
Dt A
Dt
2008. It shows that at 0000 UTC on both the 330- and

315-K surfaces, in the region
 Dη surrounding the vortex
DCD
z
center,
> γ and
< 0, implying the
Dt
Dt A
criteria Eq. (20) for VD is unsatisﬁed, and the vortex
development at 0000 UTC is basically due to the diabatic heating as diagnosed in Part I. At 0600 UTC
DCD
on the 315-K surface at the vortex center,
<γ
Dt
 Dη
z
and
> 0, implying the criteria Eq. (20) for
Dt A
VD is satisﬁed, and the development of vortex in the
lower layer is at least partly due to contribution under
an adiabatic environment. On the other hand, since
γ < 0 at this level, the SVD criteria Eq. (23) is violated, so the vortex adiabatic development is limited.
On the 330-K surface at the vortex center, not only
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DCD
DCD
< γ, but also
< 0 < γ. These indicate
Dt
Dt
that the criteria Eq. (20) and Eq. (23) are satisﬁed,
thus both VD and SVD occur. This is consistent with
the upward intensiﬁcation of the TPV at 0600 UTC
22 July 2008 (Fig. 4).
As shown in Eq. (32), the vertical vorticity de Dη
z
velopment
under adiabatic condition is comDt A
 1 DPV
2
due to the
posed of two parts: the part −
θz Dt
change in horizontal component PV2 of potential vor η Dθ
z
z
due to the change in
ticity and the part −
θz Dt
static stability θz . The part of adiabatic development
of vertical vorticity due to the change in PV2 can be
expressed as
 Dη
1 D(η s · θ s )
1 DPV2
z
=−
=−
Dt PV2
θz Dt
θz
Dt
η s Dθ s
Dη s θ s
·
, θz = 0. (34)
−
·
=−
Dt θz
θz Dt
Figure 6 demonstrates the spatial distributions of
these three terms in Eq. (34), besides the total change
of vertical vorticity at the 330- and 315-K isentropic
surfaces on 22 July 2008. It is evident that both the
contributions to the development of vertical vorticity
due to the change in horizontal vorticity η s and that
due to the change in baroclinity θ s are positive. As
shown in Fig. 1, PV2 = η s · θ s is commonly negative,
that is, the directions of η s and θ s are opposite. The
positive contributions of the two terms on the right
hand side of Eq. (34) imply that the change of η s
is opposite to the direction of θ s , and the change of
θ s is opposite to the direction of η s during the development of vertical vorticity. Thus, either the component of horizontal vorticity η s or that of baroclinity
θ s along the project direction is increasing when vertical vorticity develops. This conﬁrms the conclusion
of Wu and Liu (1997) that the development of vertical
vorticity is not necessary associated with the vorticity
conversion from its horizontal to vertical component
owing to the uneven lifting of a vortex. In other words,
an increase in vertical vorticity may not require a decrease in horizontal vorticity, and can be achieved as
well by the increasing of either horizontal vorticity or
baroclinity along project direction. In summary, both
the dynamical eﬀect of horizontal vorticity η s and the
thermal eﬀect of θ s have positive contributions to the
development of vertical vorticity.
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Conclusions and discussion

While Part I of this study (Zheng et al., 2013)
focused on the vertical vorticity development due to
atmospheric diabatic heating, the current study concentrates on the development of vertical vorticity under adiabatic condition from the view of potential vorticity and potential temperature (PV–θ) and from a
Lagrangian perspective.
First, it is highlighted that since in most cases, the
troposphere atmosphere is statically stable and under
geostrophic balance, CD and PV2 are usually negative.
Thus, merely using CD < 0 as a condition for SVD on
isentropic surface is incomplete, whereas an increase
in the titling angle β of isentropic surface is required.
The latter concerns the changes in both baroclinity θ s
and static stability θz , and is inconvenient in operational or practical use.
A new concept of generalized slantwise vorticity development (GSVD) is introduced from a Lagrangian perspective, which can be used in any coordinate system. The criteria for VD and SVD are
also developed, respectively, to distinguish between
DCD
VD and SVD. VD requires
< γ, in which
Dt
PVe Dθz
, θz = 0; whereas SVD requires
γ = − 2
θz Dt
DCD
< 0 < γ. It demonstrates that the demand
Dt
for SVD is much more restricted than that for VD;
Dηz
Dηz
correspondingly,
> 0 under VD whereas
>
Dt
Dt

D 1
PVe
under SVD. This accounts for the freDt θz
quent occurrences of frontal and cyclonic systems and
the sparsity of severe weather. Under the GSVD
framework, when an air particle is sliding down the
concave slope or up the convex slope of an isentropic
surface in a stable stratiﬁed atmosphere with its static
stability decreasing, or in an unstable atmosphere with
its static stability increasing, its vertical vorticity can
develop rapidly if its CD is decreasing. That is, the
vertical vorticity of an air particle will intensify rapidly
when its stability approaches zero, i.e., the particle
is inclined to neutral stability, if its CD decreases.
The intensity of vertical vorticity development due to
D1
Dηz
, which in> PVe
SVD is estimated as
Dt
Dt θz
dicates that when the atmosphere approaches neutral
stratiﬁcation, the development of vertical vorticity
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approaches inﬁnity.
These theoretical results are used to analyze the
development of a TPV which appeared over the TP,
then slid down and moved eastward in late July 2008,
resulting in heavy rainfall in Sichuan Province. At
some stages of the vortex development, the VD criteria are violated, implying that the vortex development
depends solely on the diabatic heating as discussed in
Part I (Zheng et al., 2013). At some stages, the VD
criteria are satisﬁed while the SVD criteria are violated, and the adiabatic development of the vortex is
limited. At one moment, i.e., 0600 UTC 22 July 2008,
on the 330-K isentropic surface, both VD and SVD
criteria are satisﬁed, and the adiabatic development
of vertical vorticity contributes to the upward development of the vortex. It is further demonstrated that
the change of PV2 contributes to the intensiﬁcation of
the TPV from 0000 to 0600 UTC 22 July 2008 when it
slid upward on the upslope of the northeastern edge of
the Sichuan basin since the changes in both horizontal
vorticity η s and baroclinity θ s have positive eﬀects on
the development of vertical vorticity.
The appearance of the stronger signals concerning VD and SVD in the region surrounding the vortex
compared to other parts of the troposphere indicates
that the GSVD concept can serve as a useful tool
for diagnosing the development of severe weather systems. As the SVD concept has been extended to a
saturated moist atmosphere (Wu et al., 1995) and
can be extended to an unsaturated moist atmosphere
(Gao et al., 2004), the concept of GSVD in a moist atmosphere should be extended in future to investigate
the mechanism of the formation and development of
severe weather such as the gullywasher in summer.
This paper discusses the adiabatic development
of vertical vorticity where the static stability θz plays
a signiﬁcant role under the constraint of conservation
of potential vorticity when the weather system moves
along the slope of the isentropic surface. While the
ﬁrst part (Zheng et al., 2013) investigates the eﬀect of
diabatic heating on the development of vertical vorticity and points out by case study that diabatic heating
plays a leading role on the development of vertical vorticity in most occasions, in real atmosphere, diabatic
heating and static stability can interact in a complex
manner where there is complicated feedback. It is
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signiﬁcant and challenging to further investigate the
eﬀect of this feedback on the development of weather
system.
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