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Abstract

Based upon the conservation of Ertel potential vorticity and moist potential vorticity, a 'parcel
dynamic' approach is used to investigate the development of vertical vorticity of a parcel which is
sliding down a slantwise isentropic surface. An accurate form of the tendency equation of vertical
vorticity is deduced to interpret such slantwise vorticity development (SVD). In addition to those
dynamic terms in the traditional vertical vorticity equation, the newly developed accurate form
includes several thermal terms associated with the changes in stability, vertical wind shear and
baroclinity. It is proved that the combinative impacts of these thermal terms on the development of
vertical vorticity can be expressed by a succinct theory of SVD. According to this theory, when
the horizontal component of potential vorticity and stability possess opposite signs, and the
slantwise isentropic surfaces are very steep, the vorticity development of the down-sliding flow at
such isentropes can be dramatic. It is also shown that in a convectively unstable and saturated
atmosphere, such vorticity development must be accompanied by the development of a low-level
jet. Study of a torrential rain process shows that moist potential vorticity analysis is a powerful
tool in the study of torrential rain occurrence. Results from the present study are in agreement with
the contentions of earlier workers that moist symmetric instability is the cause of some heavy
rainbands. © 1997 Elsevier Science B.V.
1. I n t r o d u c t i o n

In a frictionless and adiabatic dry atmosphere, the Ertel potential vorticity PE is
conserved (Ertel, 1942). The application of the Ertel potential vorticity in the diagnosis
of atmospheric motion has been summarised by Hoskins et al. (1985). The concept of
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isentropic potential vorticity (IPV) was also introduced. Generally speaking, IPV is
indicative of some aspects of the movement and development of weather systems in
middle and high latitudes. However, in the lower troposphere, especially in low
latitudes, IPV becomes very weak. Besides, IPV does not include the effects of
moisture. Thus the application of IPV analysis is not so good in the lower troposphere,
low-latitude regions and in precipitation cases.
To consider the impacts of moisture, Bennetts and Hoskins (1979) used an equation
set with Boussinesq approximation and deduced an equation for the variation of the
so-called 'wet-bulb potential vorticity'. Based on the accurate primitive equation set, a
similar variation equation for moist potential vorticity (MPV) was also obtained by Wu
et al. (1995). Their research showed that in a t~ctionless and adiabatic saturated
atmosphere, MPV is conserved.
Another issue which has attracted much attention is the impacts of such conservation
properties on atmospheric motion. Based on Lagrangian parcel dynamics, Emanuel
(1984) developed a simple model to describe the slantwise ascent of a two-dimensional
horizontal air tube, and found that moist symmetric instability is the cause of some
mesoscale rainbands, in agreement with the findings of Bennetts and Hoskins (1979). In
this study, we use the 'parcel dynamics' approach to investigate how a slowly
descending parcel on a slantwise isentropic surface changes its vertical vorticity under
the constraint of constant potential vorticity. In a dry atmosphere, the vorticity development of a parcel owing to its down-sliding along a slantwise isentropic surfaces, which
is termed slantwise vorticity development (SVD), is discussed in Section 2. An accurate
form of vertical vorticity tendency equation is developed in Section 3 to interpret SVD,
and the importance of geostrophy in the issue is discussed in Section 4. In Section 5, a
numerical experiment based upon a 0-coordinate is designed to verify how the development of an c~-scale vortex can be explained by SVD. The SVD in a saturated
atmosphere is studied in Section 6. In Section 7, the connection between the frequently
observed low-level jet associated with torrential rain and SVD in a convectively unstable
atmosphere is studied. In Section 8 the theory developed in the preceding sections is
employed to diagnose a torrential rain process on 11-15 June 1991 during a monsoonal
frontogenesis. A discussion and some conclusions are presented in Section 9.

2. Slantwise vorticity development in a dry atmosphere
In dry or unsaturated atmosphere which is frictionless and adiabatic, the conservation
of Ertel potential vorticity P~ can be expressed as
DPF:
--0
(1)
Dt
or.

PE = a~'a" V0 = constant

(2)

where ~'a is absolute vorticity, 0 is potential temperature, a is specific volume, and V
is three-dimensional Hamiltonian operator. We let ~O denote the angular velocity of the
Earth, and V the three-dimensional (3-D) wind vector; then

~:: V × V+ 2~

(3)
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If the slope of a 0 surface with respect to the horizon is negligible, one can use 0 as
vertical coordinate. The advantage of this comes from the fact that along the isentropic
surface, V0 0 vanishes. Therefore, the conservation of PE takes a simple form,
00
PE = a~O-~Z ~ constant

(4)

and is sometimes referred to as isentropic potential vorticity (IPV). It should be noted
that Eq. (4) is accurate only when the 0 surfaces lies horizontally. When the 0 surface
declines, the accurate form of conservation should be rewritten as
PE = a~'0lV0l = constant

(5)

where ~'0 is the projection of ~'a on V0. Based on Eq. (5) we first investigate some
fundamental relations which will be used later.
2.1. Box law

Let us suppose 0 surfaces are planes and IV0l is constant. We imagine that a box has
01 and 0: as its bottom surface and top surface, respectively, and A 0 = laff01 as its
thickness, and that the origin of the vector of a~'a of a parcel A is at the location of the
parcel. Then the conservation of PE as expressed by Eq. (5) together with the
conservation of potential temperature can be presented in Fig. l(a) and stated by the
following 'box law':
No matter how a parcel moves and spins on one side of the box 0~, the head point
of its specific absolute vorticity a~a must be always on the opposite side of the
box 0 2 ( = 01 + A0).
2.2. Circumscribed plane law

Let us suppose 0 surfaces are spheres (Fig. l(b)) and IV0] is constant. We imagine
that the inner sphere 01 and the outer sphere 02 are separated by A0 = [c~'ol, and that
the origin of the vector a~a of a parcel A moving at sphere 01 is at the location of the
parcel. We let B at sphere 02 be in line with the radius OA, and plane P the
circumscribed plane of sphere 02 at B. Then the conservation of PE as expressed by Eq.
(5) together with the conservation of potential temperature can be presented in Fig. l(b)
and stated by the following 'circumscribed plane law':
No matter how a parcel moves and spins at the sphere 0 l, the head point of its
specific absolute vorticity a ~'a must be always at the circumscribed plane P of 02
( = 01 + A0) at B.
As the projection on V0 of a (a~"a) which has its head point at the plane P equals
- a~"0, then under the constraint of conservation of Ertel potential vorticity PE (Eq.
(5)), the above 'circumscribed plane law' becomes self-explanatory. A very important
point implied by the 'circumscribed plane law' is that a change in one component of
c~"a will cause changes in its other components. In other words, once the horizontal
component of a (C~a) is known, its vertical component can be uniquely determined
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Fig. 1. (a) "Box Law': lor plane O surfaces, no matter how a parcel moves and spins at one side of the box 0 I,
the head point of its specific absolute vorticity ( c ~ " ) must be always on the opposite side of the box 0~
( = 01 + A0). (b) 'Circumscribed Plane Law': lk)i curved 0 surfaces, no matter how a parcel moves and spins
at the surface 0 t, the head point of its specific absolute vorticity (o~+) must be always at the circumscribed
plane P of 0+ ( = 0 t + ~ 0 ) at B. (see text tk+r details.)

from the circumscribed plane. This provides the basis for the theory of vertical vorticity
development to be explored below. In developing both the 'box law' and 'circumscribed
plane law', constant IV0] has been assumed. As we will discuss below, this assumption
does not affect our following discussion. Because under the constrain of PE conservation, Eq. (5), for the variation of vertical vorticity, a change in IV01 is always
compensated for by a corresponding change in a~,.

2.3. Slantwise uorticitv decelopment (SVD)
If z-coordinate is adopted, then
30
30
PE = c~sr~~ + c ~
= constant

(6)

where DO/as is the horizontal gradient of 0 with the horizontal unit vector s perpendicular to isentropes, g': is the vertical component of ~'~,,and ~ = ~)Vm/aZ is the projection
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on s of ~'a, which is determined by the vertical shear of the wind Vm, which is
perpendicular to, and positive on the right-hand side of, s. From Eq. (5) and Eq. (6) we
obtain

ao
ao
aO
Pz = a~rZ-~z + c%rs~s
s = a~'O~n = constant
Here, we have already replaced V0 by (aO/an)n, or Onn, and the unit vector n satisfies
n • k > 0, in which k is a geometrically upward unit vector. On denoting the absolute
vorticity per unit mass as ~a = a~'a, and Ca = a~o, the above relation can be written as

PE = ~zOz + ~s0~ = ~:,0n = constant

(7)

From this, we have

~z=(~nOn--~sOs)//Oz

(Oz-ff:O)

(8)

This means that the change of vertical vorticity can result from the changes in static
stability 0z, vertical wind shear ~s, or baroclinity 0~. It is important to note that the
change in 0n does not affect the vertical vorticity. This is because under the constraint of
conservation of PE (see Eq. (7)), the change in 0n should always be compensated for by
the change in ~n SO that the product (~n0n) appearing in Eq. (8) remains unchanged.
To understand how the slope of the isentropic surface affects the change of vertical
vorticity, in Fig. 2 we assume that the parallel isentropes are horizontal to the right of

~z

~

Z

0 i0

~z~n

b

0n = 0 ~

Ao -~0

S

--~

~ vo

0

Fig. 2. Schematic diagram showing the development of vertical vorticity in a dry atmosphere owing to the
slantwise sloping of the isentropic surface. When a parcel A o is initially on the horizontal part of a 0 surface,
PE = ~o0, is independent of ~s- When it slides down the 0 surface at an a.nngle r ( < 0) to A, then
AB
~:z = ( so,/cos/3 ) - ~:stan/3 can be expressed by SCz= ~ = ~ + E--C, or ~z = cos/3 + A----~an/31. Now, the
increase in ~:~ or in [/31 may result in the development of s~z.
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the z-coordinate, but are bent as circles to its left. For simplicity, as in deducing the box
law and the circumscribed plane law, we further assume that the gradient of isentropes
0n is constant. We let 'b' be such a circle, which is coaxial with the 0 surface and keeps
from it at a constant distance A---B= 1~,11.Then, according to the circumscribed plane law,
for an air parcel originally at point A 0, and moving at the isentrope 0 + A0 by sliding
down an angle /3 (/3 is positive when one side deviates from z towards S) to point A,
the head point D of ~ of the parcel A should be located in a plane DB which is a
tangent to circle b at point B, as shown in Fig. 2. The central angle /3 = / A O Z indicates
the degree of deviation of the parcel A from the z-coordinate. /3 is positive when A is in
the ZOS quadrant, and vice versa. Because, according to the figure,
tan/3=¢/0~
and as n . k > 0 ,

(-Tr/2</3<r/2)

(9)

then

cos/3 = 0./0n > o

According to Eq. (3), in the northern hemisphere in the case of cyclogenesis, ~n > 0, Eq.
(8) can then be expressed as
~.

¢o
COS /3

~tan/3,

1/31e ~'/2

(10)

In general, for ¢~, 0~ and 0~, each can be either positive or negative. However, it is
important that in Eq. (7), if the following condition is satisfied:
(11)

cD = ~, 0,/0~ < o

then Eq. (8) or Eq. (10) can be written as
~: = -

~n

COS /3

+ I~tan/31,

I/3j ~ rr/2

(12)

Geometrically, the relationship Eq. (12) can be interpreted by using Fig. 2 as
¢: = C D = D E + E C =

AB
- + AC[tan/31
COS /3

(13)

where an overbar denotes the scalar length of the line segment. To satisfy Eq. (11),
when plotting Fig. 2 we assumed that the vertical wind shear of the atmosphere is
constant so that ~ = ~0 > 0. Otherwise, if ~ becomes negative, condition Eq. (11) will
be violated and, from Fig. 2, ~ will decrease with increasing 113I. In our present case,
when Eq. (11) is satisfied, Eq. (12) shows that ~z is an increasing function of 1/31. This
means that when an air parcel is sliding down the slope of a 0 surface, its vertical
vorticity will increase so long as condition Eq. (11) is satisfied. It also shows that ~:z can
be extremely large when the 0 surface is steeply sloped. Because, in such circumstances, the development of vorticity is due to the down-sliding of the air parcel along a
slantwise isentropic surface, it can be referred as down-sliding slantwise vorticity
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development (SVD). On the other hand, if the isentropic surface is approximately
horizontal, then
~:=--* ~:n, if B --' 0
Only to this extent is Eq. (4) applicable, and IPV becomes exactly conservative.

3. An accurate form of the vertical vorticity tendency equation and conditions for
SVD

3.1. Vertical vorticity tendency equation
Upon applying material derivative to the both sides of Eq. (8), and using the
continuity equation
Da
--=c~V.V
Dt
an accurate form of tendency equation for the vertical vorticity component ~:~ can be
obtained as

o;.

- - + [3v + ( f + ~=)V. V
Dt

1 [

-

DO.

D s]

~(0=)2 (PE-~,~O~)~t +Oz~,-~t +OzO~Dt],

Oz4=O

(14)

The right-hand side of the above equation indicates how the changes in static stability
(0.), baroclinity (0~), and vertical wind shear ( ~ ) affect the development of vertical
vorticity. If the right-hand side vanishes, then Eq. (14) becomes similar to the well-known
traditional vertical vorticity tendency equation under frictionless as well as adiabatic
constraints. It can be accurate if and only if the changes in static stability 0z and in the
horizontal component of PE ( = ~:,0r) are ignored. When isentropes lie horizontally, i.e.
when 0r - 0, Eq. (14) becomes

o[

o

Dtt ( f + ~':)~zz = D t [IPV] = 0

(14')

This indicates that if and only if isentropes lie horizontally is IPV conserved and Eq. (4)
takes an equal form. During cyclogenesis and the development of torrential rain or
typhoon, the thermal structure of the atmosphere changes rapidly. In such circumstances,
the traditional vertical vorticity equation becomes inaccurate, and the complete form of
Eq. (14) should be considered.
For a statically stable atmosphere as shown in Fig. 2, 0~ is positive. When condition
Eq. (11) is satisfied, ( P E - ~,0~) is positive as well. Also, when the parcel is sliding
down the 0 + A0 surface from A 0 to A, both DOz/Dt and DOJDt are negative. All
these then contribute to the development of vertical vorticity. It should be noted that
(~)2 appears as a common denominator of the right-hand side terms. Therefore when an
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air parcel slides down an isentrope which is steeply sloped, SVD can be dramatic, as
was elucidated in Fig. 2.
3.2. Conditions f o r down-sliding S V D

Eq. (14)can be written in the following iona:

a Dt

--+/3,+(.f+(:)v-vDt

-c,,

t~ Dt

,

o_.o

(15)

Then the SVD condition for the development of ~, or g~= is
CD(t+At)-CD(t)<PE!

['

O:(t+At)

'1

O:(t)

"

(16)

0~#0

Similarly, when the air parcel is moving downslope of the 0-surface by an angle Aft,
then the condition for SVD is
CD([3+A[3)--CD(fi)<PE

[ ,

0:(/3+A/3)

,]

0:(/3)

"

0 4:0

(17)

Because only under condition Eq. (17) is D ~ : / D t > O. Eq. (17) is a necessary condition
for SVD. For the case shown in Fig. 2, the right-hand side of Eq. (17) is positive.
Because C D at A 0 is zero, as the isentrope there is horizontal, a negative Ct~ at A thus
satisfies Eq. (17) automatically, and condition Eq. (11) is therefore a sufficient condition
for SVD.

4. Geostrophy and slantwise vorticity development
For convenience, in this section we temporary adopt the p-coordinate for discussion.
In this case,
P,~ = - g (.fk + ~, X V ). Vr, O = constant

(18)

We define the vertical component of P~ as the first component, and the horizontal
component as the second component, i.e.
P V1 = - g ~ p

~v
PV2 = -gk

1

(19)

× ap " Vr'0

-

where ~'p = f + ( a v / a x - O u / a y ) . Then the conservation of PE can be expressed as
P~: = P V I + P V 2 =

aGIV01=

constant

(20)
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and the condition Eq. (11) for down-sliding SVD becomes
PV2/Op > 0

(21)

This means that the horizontal component of PE and static stability possess opposite
signs. Supposing that the atmospheric motion satisfies the geostrophic relation

v=f-

k x v q,

then
~V

--=r'R*kXLO
8p
where
R* = C~lp-~R~r
and the Exner function
rr = Cp( p p o l ) "
After some manipulation, we obtain
PV2

aglL012<0
ZOo

(22)

where 00 is the potential temperature at the P0 surface. According to Eq. (22), for a
geostrophic atmosphere to satisfy Eq. (21), Op should be negative. This is to say that, in
a statically stable atmosphere, SVD can occur under the geostrophic balance, whereas in
a statically unstable atmosphere (Op > 0), the condition Eq. (21) for down-sliding SVD
cannot be satisfied under the geostrophic balance.

5. A numerical experiment
In the period from 11 to 15 July 1981 in Sichuan Province, Southwestern China, there
occurred persistent heavy rainfall. At the centre of precipitation, the total rainfall was
over 366mm and concentrated from 12 to 14 July, causing the most severe damage
during the past 40years. It was so strong and so disastrous that its occurrence has
attracted world-wide interest. Many researchers (e.g. Hovermale, 1984; Anthes and
Heagerson, 1984; Chen and Dell'Osso, 1984; Zhou and Hu, 1984; Kuo et al., 1986)
diagnosed and simulated the weather system associated with the development of the
rainfall. The common conclusion was that the torrential rain was caused by the rapid
development of an a-scale vortex in Southwestern China, usually called a 'southwest
vortex' in the Chinese literature. A cyclonic circulation was first detected on the weather
chart at 12:00h, 11 July 1981, at the southeastern edge of the Tibetan Plateau, then
moved to the Sichuan Basin on 12 July and developed as a SW vortex with the centre
located at 104°E, 28°N. At the same time, on the northeastern flank of the Tibetan
Plateau, there was a mid-latitude trough developing and moving eastwards. A situation
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with a trough in the north and a vortex in the south, which favours the occurrence of
torrential rain in the Sichuan area, occurred on 12 July along the eastern edge of the
Plateau (Zhou and Ha. 1984).
Although the release of latent Ileal owing to condensation of water vapour is
important for the development of a SW vortex, its formation is associated more with the
mechanical forcing of the Tibetan Plateau (Wu and Chen, 1985). This makes it practical
to use the model of Bleck (1984) to simulate the formation of the vortex, The model is
adiabatic and uses the 0-surface as vertical coordinate. Its basic set of equations is
composed of the following:the momentum equations
'
t~),

+VV''''-'i

¢"'
t "~-/t }t ,~ + v

~)M t
. . . . . i),-. . I,, ~ / "

v''~ - • l" =

"")

-

-

:~v

,,

4-/,

the continuity equation

the thermodynamic equation
DO
-

0

Dt
and the hydrostatic equation
3M
1,7. r

where /", and k, are the components of frictional force in the x- and y-directions,
respectively. M = 4 ) + (':~T is the Montgomery function, and 7r C,( p/p.)A,/c,,
is the
Exner function. In the vertical the model atmosphere is divided into 13 layers ranging
from 305 K to 365 K with an equal interval of 5 K. The horizontal grid size is 80kin.
The domain of integration covers an area of 44 × 49 grid points. The length of time step
for integration is 60s. The lateral boundary conditions lor each variable at each time
step are obtained by using linear interpolation of observation data between its initial
value and the value at the end of integration. The details of the model, particularly the
treatment of the lower boundary, have been given by Bleck (1984).
Zhao et al. (1995) introduced the distribution of orography over China into the model,
chose the meteorological fields at 00:00h. 11 July 1981 as the initial state, then
integrated the model for 60 h to simulate the formation of the SW vortex. The formation
of the vortex was reasonably simulated during the first 24h. Below, we will use the
material extracted from this integration to study how the formation of the vortex and the
development of the mid-latitude trough to its north can be interpreted in terms of the
SVD theory developed above. Because over the Sichuan Basin and in the formation
stages of the vortex, the elevation of the coordinate surface 0 = 315 K is near 750hPa
(see Fig. 4 and Fig. 5, below), just passing through the upper part of the generated
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vortex, the distributions of various variables at this surface will be used for the following
diagnosis.
In Fig. 3 are shown the distributions of the initial fields at 0 = 315 K and O0:00h, 11
July 1981. A remarkable characteristic of the 0 surface is that it was highly uplifted over
the Plateau and sharply tilted downwards onto the surrounding areas with geometric
height lower than 2 km (Fig. 3(a)). The highest altitude of the 0 surface over the Plateau
was at 493 hPa, whereas that over the Sichuan Basin and Gobi desert was at 817 hPa and
863 hPa, respectively. As the model is adiabatic, a parcel which is initially at this 0
surface will be detained at the surface during its later travelling. As the 0 surface is
steeply tilted at the edge of the Plateau, a wind feather at the surface pointing from low
pressure towards high pressure and crossing the edge will slide down the steeply
slantwise 0 surface, and is presented by a heave feather with an arrowhead. In the initial
field, along the eastern edge of the Plateau ~n = c~(f + ~'n) was positive (see Fig. 3(b)),
as was On. The air there was then symmetrically stable (P~ > 0). According to the
distribution of 0, the horizontal gradient of isentropes s in this area was outward from
the Plateau. Because the southerlies near the surface increased with height (Zhou and
Hu, 1984), the vertical wind shear ~:s(= OVn~/OZ) there possessed opposite sign to 0s,
and C D = ~sO~/Oz was negative. Therefore the sufficient condition Eq. (11) for SVD
was satisfied, and vertical vorticity development along the eastern edge of the Plateau
should be anticipated. Fig. 3(b) shows the simultaneous distribution of vertical vorticity
at the same surface. As the distributions of vertical vorticity at the adjacent 0 surface
(figures not shown) are similar to that of Fig. 3(b), interpolation of the vorticity field
onto an intermediate pressure or z-coordinate surface will not change the general
characteristics of the distribution. For simplicity, hereafter we will use the vorticity
distribution at this 0 surface as a perspective of the vertical vorticity distribution at a
nearby pressure or z-coordinate surface.
In Fig. 3(b), two positive centres appeared, one over the northeastern flank of the
Plateau with an intensity of 3.15 X 10 -5 s - l , the other over the southeastern flank with
an intensity of 4.33 × 10 -5 s -1. The former was associated with the movement of the
mid-latitude trough, and the latter, as we will see, was associated with a new-born
cyclonic vortex. They appeared in the region where the wind vectors slide down the
steeply tilted 0 surface. In this figure, positive vorticity centres are also observed over
eastern China and Bohai Bay, western Pacific, the Indochina Peninsula, and the Bay of
Bengal. They were associated with specific weather systems. As these centres appeared
in the regions where the 0 surface was relatively flat, not relevant to our topic, we will
not pay attention to their evolution and only confine ourselves to the development of the
two centres along the eastern edge of the Plateau.
At 12 h later (Fig. 4), the pressure pattern at the 315 K surface was unchanged (Fig.
4(a)). However, the warm funnel over the Sichuan Basin stretched downwards from
817 hPa to 842hPa. Compared with the initial field, the most striking change was the
strengthening of the down-sliding wind vectors along the northeastern edge and over the
southeastern flank of the Plateau. The down-sliding area expanded, the wind speed
intensified, and the wind vector became more perpendicular to the isobars. The
down-sliding over the southeastern flank was split into two branches; that in the west
was near 98°E, and that in the east had already slid down onto the Sichuan Basin. In
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response to the rapid intensification of the down-sliding flow, the associated vertical
vorticity developed dramatically during this period (Fig. 4(b)). The northern centre
expanded and moved eastwards. Its intensity was 6.46 × 10 -5 s-1, more than double its
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was nearly doubled,
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8.42 ×

~. T h e e a s t e r n c e n t r e h a d a n i n t e n s i t y o f m o r e t h a n 4 × 10 - 5 s -~ , a n d s t a r t e d to

(a)
~:~i~ll:~

:~.t: • • ~ •

•

i I v i i ~ T~LI I I I i i i I I i ~ L.

•

,..-

•
......,
~ "~ :~. ~
r.'::i..
~ " :....
=:::::::::. :. ' !!!!~
•~

- ] i ~

~

J-X
~ 3 "~b ..~
J ,~ ~,

!

:':!~

J/..i

~

j

:
-

•

:

,,/

-.

k/.J:

90

100

110

120

"

PRESSURE(HPA)

A F T E R 24 H O U R S , THETA---315. K
(b)
~I.~I'II-'~,1111Jll~1:l|L.'1 , ~ : l : ~ } ' l ' l k t J l . I I
tlLL.I~I I I L I I , I
~,
'~,~,

-

~O,O

. . . . . .
..

..

.-

/

•

/

,

l"

~

"°

-

,o

.~-,~.--.;~.-...T.~
E!.~;.~i-.'~.:-~ ~"l,-.,h:Y~
,~.~<
o

::::::::::::::::::::::::::
"

:::"
"

:::::

: :::::~:::::h.:! :!!
il~:;:::.:"::::;:

-~ii.'~:":

~"~-"

....

ii~ ....

.."

~ - Y

ZETA(0.1

-'~-"°,iI

o.

l

5~L':::E:"

,-~

/

90

~. ~

100
E-04/S)

AFTER

L.~

,:~,: ~

_,..
20 . ~ v , ~ " ,

• ,~ :.'" "': "..-:~/,¢"

110
24

HOURS,

/ i(li
-s Ill
120
THETA=315.

K

Fig. 5. The same as in Fig. 3 except thai the modelled distributions are al 00:O0h, 12 July 1981. The contour
interval is 40hPa in (a) and 2.00× 10 ~ s ~ in (b).

G.-X. Wu, H.-Z Liu / Dynamics of Atmospheres and Oceans 27 (1997) 715-743

729

enter the Sichuan Basin. At that moment, the SW vortex had actually formed, although
only a part of the centre appeared over the Basin.
By 00:00h, 12 July, the pressure pattern around the Plateau at the 315 K surface was
still similar (Fig. 5(a)). The warm funnel over the Sichuan Basin moved eastward slowly
and stretched further downwards again, reaching 857 hPa. The down-sliding flow at the
eastern edge of the Plateau also shifted eastwards, and intensified. The strengthened
down-sliding flow in the north caused the further development of the mid-latitude trough
(Fig. 5(b)). Its vertical vorticity was increased to 7.19 × 10 -5 s- 1. In the south, the
weakening of the down-sliding flow near 98°E caused the weakening of the western
vorticity centre at 100°E. As to the eastern centre, although to its south the slope of the
315 K surface was less steep, the down-sliding southwesterlies there became stronger, so
that the intensity of the SW vortex was almost unchanged. Furthermore, the eastward
movement of the warm funnel and the intensification of the associated down-sliding
flow caused the SW vortex to move eastward as well. The whole centre of the vortex
was over the Sichuan Basin. Up to this stage, a complete SW vortex was observed there.
Its location coincided very well with that of the observed new-born vortex (104°E,
28°N). The results presented in this section thus demonstrate that Bleck's adiabatic
model can simulate well the formation of the SW vortex, and the intensification of the
mid-latitude trough and the formation of the SW vortex can be interpreted by using the
SVD theory.
One may suspect that the aforementioned vorticity development could result from the
vertical stretching of the air column when sliding down the slope of a mountainside, as
is usually suggested. In this aspect we may enlist the help of Eq. (14) and the continuity
equation. We then have
Dsrz

! Da

Dt

a Dt

( f + ~'z) ~o

- - - - -

1- K

p

Taking p = 7 0 0 h P a , w = l ×
l0 3 h P a s - I , ~p=30°N, and A t = 0 . 5 d a y , then the
increase of vorticity of a down-sliding parcel owing to inertial compression is evaluated
to be A~"z = 0.5 × 10 -5 s -~ . This is too weak to account for the rapid development of
the systems considered here. Thus, SVD must be the main mechanism for the formation
of the SW vortex.

6. Slantwise vorticity development in a saturated atmosphere
Based on the Boussinesq approximation and using the wet-bulb potential temperature,
Bennetts and Hoskins (1979) studied the properties of moist potential vorticity, and
obtained an equation to describe its variation. The subject was also investigated by Wu
et al. (1995) based on the accurate primitive equation system. They found that, for a
saturated atmosphere which is adiabatic and frictionless, its moist potential vorticity
(MPV) is conserved:
DPm

Dt

= 0

(23)
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Fig. 6. Schematic diagram showing the development of vertical vorticity in a saturated atmosphere owing to
the slantwise sloping of moist isentropic surfaces. When a parcel A 0 is initially on the horizontal part of a 0~
surface, MPV = sc,°0~o is independent of so,. When it slides down the 0~ surface at an angle /3( > 0) to A,
(. =(~0/cos/3)- ~:~tan/3. Now, the increase in ]_~,1or in /3 may result in the development of ~:.
or the MPV:
P m = a ~ , " V0~ = constant

(24)

where the equivalent potential temperature
0e = 0 e x p ( L q / C p T b )

(25)

and T b is the pseudo wet-bulb temperature. It is obvious that the ' b o x law' and the
'circumscribed plane law' in the case of dry atmosphere is still applicable in the case of
saturated atmosphere except that now 0e rather than 0 should be used.
To extend the theory of down-sliding SVD from dry atmosphere to moist atmosphere,
we need to assume that (1) the atmosphere is saturated, and (2) the speed of down-sliding of a parcel at a 0~ surface is slow enough so that the properties of the parcel are well
mixed with those of the environment.Following a similar procedure, we can obtain a
formula much like Eq. (8):
~ =(~,Oen-~Oe~)/O~:,

(0~ 4=0)

(26)

Similarly, we assume, in Fig. 6, that the parallel moist isentropes 0e are horizontal to the
left of the z-coordinate, but are bent as circles to its right, and that the gradient of 0~ is
constant. In the same way we define the down-slope angle /3. In Fig. 6, down-sliding
corresponds to increasing /3, whereas in Fig. 2 down-sliding corresponds to decreasing
/3. This is because Fig. 2 was designed for a dry atmosphere, and Fig. 6 for a saturated
atmosphere. Imagining that the horizontal coordinate s is pointing northward, then Fig.
2 looks like the distribution of isentropes along a mid-latitude cold front which is
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usually statically stable. On the other hand, Fig. 6 looks like the distribution of moist
isentropes in front of a northward moving subtropical warm and moist tongue as shown
in Fig. 9 (below). According to Fig. 6,
tan/3 = O~JO~z,

( - 7r/2 </3 < 7r/2)

(27)

so that
COS fl = Oez// Oe. > 0

Substituting these into Eq. (26) leads to Eq. (10) as well. Assuming that the condition
C M = CsOes/O~z < 0

(28)

is satisfied, then we obtain the same expression for ~z as Eq. (12), which is an
increasing function of I/3 I, and can be interpreted by using Fig. 6. As the air parcel is
sliding down the 0e surface, /3 is increasing, and ~z is also increased.
Following a procedure similar to deducing Eq. (14) and Eq. (15), the vertical vorticity
tendency equation for a saturated atmosphere can be obtained as
D~rz
+ fly + ( f + ~'z)V • V
Dt

1
-

[

DO~z

DOe~

D,~ ]

[(Pm-~O~)~+O~z/~s~+OezO~|,
LTT

~(0ez) 2

LJT

J-,IT ]

Oez~O

(29)

or,

a Dt

-- +/3v+(f+(z)V.V
Dt

.

. . .
a Dt

CM ,

O~z--/=O

(30)

Eq. (29) describes how the changes in convective stability Oez, moist baroclinity 0es, and
vertical wind shear ~ affect the development of vertical vorticity. According to Eq.
(30), the SVD condition for ~'z or ~z in saturated atmosphere becomes
Cm(t+At)-Cm(t)<P

[1

m Oez(t+At )

1]

Oez(t)

,

Oez=/=O

(31)

or

C M ( fl + a /3 ) - C M ( fl ) < em

0o (/3+afl)

Ooz ( /3 )

According to these, no matter how the slantwise isentropes are located and what signs of
the initial values of ~z, ~z and Pm are, SVD will occur so long as the condition Eq. (31)
or Eq. (32) is satisfied. Again, it can be seen that condition Eq. (28) is a sufficient
condition for SVD.

7. Formation of low-level jet (LLJ) in a convectively unstable atmosphere
Let us consider the impact on vertical wind shear of a parcel which is sliding down a
0e surface as shown in Fig. 6 and Fig. 7 from A 0 to approach ground surface and
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Fig. 7. Schematic diagram showing the relationship hetwccn slanlwisc ,~orticitydevelopment and low-leveljet
(LLJ). In a conveclively unstable atmosphere under the constraint of the conservation of moist potential
vorlicity, s|antwise vorticity development should be accompanied by the development of a low-level jet.

experiencing slantwise vorticity development. We concentrate our attention on a convectively unstable atmosphere. For simplicity, we also assume the horizontal coordinate S
in Fig. 6 to be northward as shown in Fig. 7. Because in this case 0~.~< O, and as the
atmosphere is convectively unstable, the condition Eq. (28) implies that SVD will occur
at the levels (e.g. A) where westerlies decrease with increasing height;

,<°
Further, we consider the near-boundary condition at an elevation G which is close to but
not at the 'ground surface'. Because when /3 approaches ~-/2, 0~: approaches zero, and
because, from Eq. (26) and Fig. 7, (MPV).x,, = ~ 0~ at A~), and (MPV)~ = f, 0~ = ~:,0.n
at G, the conservation of MPV requires

(

--- (

when

-,

Because (0, n )<; = (0,~)A, as was assumed, we then have
( ~,),; = ( ~:),x,, > 0, when /3 ~ 7r/2

(33)

For our case, Eq. (33) implies that when the down-sliding parcel approaches the ground
surface, the vertical wind shear (, should change its sign. In the case shown in Fig. 7,
westerlies near the surface should increase with height,

(i

When massive flow experiences the same procedure, the above discussions lead us to
the conclusion that a jet-like maximum wind speed should be formed at a low level
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z = zj above the surface and below level A (Fig. 7). We let R be the radius of curvature
of the 0e surface, and flj, the slantwise angle at the LLJ level. Because, at z j, where the
wind speed is maximum, ~,( = Ou/Oz) vanishes, then from Eq. (26) the vertical vorticity
at zj is
~/ = ~n 0Jn//0eJz : ~n//COS ~j = ~nR//zj,

OeJz~

0

(34)

This implies that the intensity of the vertical vorticity at the LLJ level is inversely
proportional to the geometric height zj of the LLJ. The lower the LLJ, the stronger the
vertical vorticity. In addition, because ~s changes its sign below z j, the condition Eq.
(28) will be violated and SVD stops. Then the vertical vorticity at zj should be the
maximum for the parcel during its down-sliding.

8. MPV analysis of a torrential rain process
For convenient application of the SVD theory to routine analysis, here we adopt the
p-coordinate once more, and define the vertical and horizontal components of MPV as,
respectively,
MPVl

=

=

-gC

OV

(35)

MPV2 = ~ 0es = - gk × OP V~,O~
then
Pm = MPV = MPV1 + MPV2 = constant

(36)

The condition Eq. (28) for SVD can be expressed as

C p = MPV2/Oep > 0

(37)

This means that when SVD occurs, the horizontal component of MPV and the
convective stability possess the opposite signs. It can be readily shown that with the
geostrophic relation
otg.
MPV2 fOo VpO.VpOe < 0
(38)
Therefore, an atmosphere which is geostrophic (MPV2 < 0) and convectively stable
(O~p < 0), or strongly ageostrophic (MPV2 > 0) and convectively unstable (Oep > 0),
satisfies the condition Eq. (37) for SVD.
The occurrence and development of torrential rain are usually associated with the
rapid developments of convergence of low-layer flow and rising motion, accompanied
by dramatic growth of vertical cyclonic vorticity. The mechanism of development of
cyclonic vorticity is therefore one of the important issues in the study of torrential rain
occurrence (Tao, 1980). In the above sections we have shown how cyclonic vorticity can
develop dramatically when air parcels down-slide on very steep 0~ surfaces, and how the
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horizontal moist potential vorticity M P V 2 is associated with this down-sliding SVD. In
the rest of this section we try to use this S V D theory to analyse the occurrence of
torrential rain along a monsoonal front.
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In June 1991 over East Asia, the subtropical high over the northwestern Pacific was
abnormally strong. The trough over the Bay of Bengal was also stronger than normal,
and located to the east of its climate mean position. In middle latitudes, there were
frequent synoptic-scale systems propagating eastwards. In the middle of the month, cold
air came from Northwestern China, and intercepted low layer southwesterlies from the
Bay of Bengal in the middle and lower reaches of the Yangtze and Huai River.
Persistent torrential rain was observed in the region from 11 to 15 June (Dong, 1991).
As shown in Fig. 8, from 12 to 15 June and along the latitude zone between 30°N and
33°N the centres of torrential rain all exceeded or were close to 1 5 0 m m d a y -~, and
serious flooding occurred. Fig. 9 shows the north-south cross-sections of 0e along
115°E at 00:00h from 9 to 16 June 1991. This longitude is chosen because it is typical
of where the persistent rainfall occurred. Initially, warm and moist and convectively
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unstable (0~p > 0) air was located to the south o1 31 °N. The cold and dry air from high
latitudes was characterised by a front with a band of concentrated 0~ surfaces. This
gradually moved southward from 50°N. On 11 June, this 0~ front invaded the moist,
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convectively unstable, region in the south, and torrential rain started to occur in the
sector of steep and dense 0e band. Then, cold and warm air converged and torrential
rain continued. On 14 June, another subpolar front formed in high latitudes and moved
southward. On 15 June, this fresh cold air merged into the monsoon front, warm and
moist air retreated to the south of 29°N, and the persistent rainfall then ended. Carefully
analysing Fig. 8, one finds that, every day, torrential rain occurred where the 0e surfaces
aloft are very steep, in favour of slantwise vorticity development.
In Fig. 10 is shown the evolution of vertical vorticity at 700hPa and 00:00h from 11
to 16 June 1991. On 10 June, there was a mid-latitude high vorticity centre denoted by a
which moved eastwards. On 11 June, this centre reached Bohai Bay and caused severe
rainfall appearing to its south. At the same time, there was another weak centre (denoted
by t ) at 20°N, with an intensity of 1.2 × 10 -5 s -1. From 11 to 15 June, as this system
moved slowly northeastward towards the Yangtze River Reaches, its intensity grew
rapidly to 2.0X 10-Ss -1, and the area with more than 1.2 × 10-Ss -1 expanded
greatly, in accordance with the development of torrential rain shown in Fig. 8. On 14
June, accompanying the development of the subpolar front, there appeared high vorticity
centres near Lake Baikal. As this mid-latitude system moved southeastward, on 15 June
the high vorticity centre along the Yangtze River Reaches was weakened. Its main
centre had moved to the western Pacific. On 16 June, the mid-latitude system had swept
over Northern China, and the remained part of the southern centre had retreated to
Southern China. Torrential rain along the Yangtze River thus stopped.
The evolution of the 850 hPa wind during the same period is shown in Fig. 11.
Southerlies existed over Southern China before 15 June. As the tropical high vorticity
centre at 20°N developed on 11 June (Fig. 10(c)), the wind direction in front of the
centre changed to northeastward, forming a southwesterly jet with an intensity of more
than 15 m s -1 . This LLJ persisted till 15 June. In comparison with the distribution of 0e
as shown in Fig. 9, the motion of the down-sliding 0~ surface of southerlies can be
identified in the area north of about 25°N. It is notable that during the periods from 10 to
12 June and from 13 to 15 June, the westerly component of the LLJ was intensified. As
we will show in the following discussion, SVD did exist in the torrential area before 15
June. Therefore the intensification of the westerly component of the LLJ could be well
interpreted by the theory developed in Section 7 and Fig. 7. On 16 June, as the northerly
swept over eastern China, SVD stopped, and the LLJ disappeared from southern China.
Fig. 12 shows the evolution of MPV1 at 700hPa in the same period. It can be seen
that its distribution in the lower troposphere corresponds well to that in upper layers
(figures not shown). For example, a high MPV1 system which was in Northwestern
China on 9 June travelled regularly southeastwards. From 11 June, the high MPV1 air
over Northern China which was convectively stable confronted, along the Jiang-Huai
Reaches, the convectively unstable atmosphere over Southern China. Persistent torrential
rain then started to occur near the edge of the convectively unstable region in front of
the high MPV1 system. On 16 June, as the convectively stable air occupied the region
south to the Yangtze River, torrential rain stopped.
In Fig. 13 is shown the evolution of horizontal component MPV2 at 700hPa in the
same period. It is remarkable that during this period along the Yangtze River, there
existed an elongated band of positive MPV2. This is because in this period at 700 hPa,
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the warm and moist air was to the south of the Yangtze River, and the LLJ existed
below 700hPa (Dong (1991); also refer to Fig. 11). Thus along the Yangtze River,
~u/~z < O, ~Oe/Oy < 0, and MPV2 became positive. The appearance of positive MPV2
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Dotted a r e a

in the Jiang-Huai region during the period of monsoonal torrential rain thus revealed that
in this area, there was no geostrophic balance between wind and pressure fields.
A c c o r d i n g to Fig. 6 and Fig. 7. the increase in the intensity of LLJ or of w a r m and moist
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air advection will increase the positive MPV2. Therefore the movement of positive
MPV2 in the lower troposphere can serve as a tracer of the activities of LLJ and warm
and moist current. As seen in Fig. 13, a high positive MPV2 centre was located on the
southeastern flank of the Tibetan Plateau on 9 June. Later, it stretched eastward along
the Yangtze River. On I l June, a new positive MPV2 centre, which was separated from
the main centre, moved eastward and reached the convectively unstable (MPVI < 0; see
Fig. 12) region in Jiang-Huai Reaches. According to Eq. (37), the condition for SVD
C p > 0 is satisfied, and ~: will also increase, in favour of low-level convergence and
ascent, torrential rain starting to appear where the 0e surfaces are almost vertical.
Afterwards, this high MPV2 centre remained in the region and torrential rain persisted.
In the mean time, the high MPV2 centre to the southeast of the Tibetan Plateau decayed
locally, indicating the weakening of the warm and moist southwesterly current. On 16
June, as the convectively unstable region at 700hPa retreated from the Yangtze River
Reaches (Fig. 7), and with the departure of the already weakened positive MPV2 centre
from the continent to the Pacific, the persistent torrential rain then ended.
It is interesting to note that for an inertially stable atmosphere ( ~:z > 0), condition Eq.
(37), i.e. C p > 0, together with MPV2 > 0 are at least in our case equivalent to the
condition for moist symmetric instability (MPV < 0). This is because when C~ and
MPV2 are both positive, MPVI = ~pOep < 0. From Fig. 12 and Fig. 13, we see that in
the heavy rain region [MPVI[ > ]MPV2[. Then the sign of MPV is determined by that of
MPV1. Therefore, our result is in agreement with the contentions of Bennetts and
Hoskins (1979) and Emanuei (1984) that moist symmetric instability is the cause of
some heavy rainbands.

9. Discussion and conclusions
Based upon the conservation of Ertel potential vorticity and MPV, the theory of
slantwise vorticity development was discussed in this study. It was found that if 0 or 0e
surfaces are steep, when air slides down at such surfaces, cyclonic vorticity is easy to
develop dramatically. Compared with the development theory based on moist isentropic
coordinates, the theory of slantwise vorticity development associated with moist baroclinity based on z-coordinate or p-coordinate possesses some remarkable advantages. 0e
surfaces near a monsoonal front are usually sloping. ~'0 in 0e coordinate which is
perpendicular to 0e surface then is not perpendicular to the Earth's surface. Thus, the
change in ~'0 is not equivalent to the change in vertical vorticity. When z-coordinate or
p-coordinate is used, the summation of the horizontal and vertical components of Pm is
conserved. Now the change in ~':(~'p) is determined either by the changes in static-convective stability, vertical wind shear or by (moist) baroclinity. Therefore, not only the
decrease in static-convective stability, but also the increase in vertical wind shear or
(moist) baroclinity can result in the development of vertical cyclonic vorticity. According to Eq. (14) (or Eq. (29)), the general tendency of vertical vor/icity depends on the
complex combination of the variations of these three parameters. The present study
shows that their variations are not independent of each other, but are subject to the
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constraint of conservation of (moist) potential vorticity. Thus, Eq. (14) (or Eq. (29)) can
be replaced by the equivalent equation Eq. (15) (or Eq. (30)). It was shown that SVD
will occur so long as the condition Eq. (11) (or Eq. (28), or Eq. (37)) is satisfied. Results
from this study show that geostrophic approximation is inadequate for the analysis of
torrential rain of convectively unstable type associated with a monsoonal front.
In summer, warm and moist southerlies are very active. When they meet with cold
and dry northerlies, the 0e surface in front of these southerlies is very steep, slantwise
vorticity development there becomes vigorous, and torrential rain can develop dramatically. Therefore such lower tropospheric vorticity development can be an important
mechanism for the formation of torrential rain.
Another important point revealed by this study is that, in a saturated atmosphere, a
parcel sliding down a slantwise 0e surface and experiencing SVD has to change the sign
of its horizontal vorticity; also, the existence of a low-level jet favours SVD. The lower
the jet stream, the stronger the SVD. Below the level of the LLJ, SVD ceases to occur. It
seems plausible that massive down-sliding flow at a slantwise 0~ surface which is
subject to SVD may induce a low-level jet. However, how the existing LLJ interacts
with SVD is still not clear, as, in reality, LLJs are often observed in association with the
occurrence of torrential rain and meso-scale convective systems. These questions
deserve further investigation.
Finally, it is noteworthy that the theory of slantwise vorticity development is not the
same as the theory of vorticity development associated with vorticity conversion from its
horizontal to vertical component owing to the uneven lifting of a vortex. In the latter
case, an increase in vertical vorticity requires a decrease in horizontal vorticity. The
theory developed here is based upon the conservation characteristics of (moist) potential
vorticity. It requires declination of (moist) isentropic surfaces. According to this theory,
the development of vertical vorticity may be accompanied by the concurrent development of horizontal vorticity or moist baroclinity, and is much stronger than that due to
uneven vortex lifting. The concurrent development of vertical wind shear, moist
baroclinity and vertical vorticity is observed commonly in the occurrence of torrential
rain associated with monsoonal front or other frontogenesis (Tao, 1980). Therefore, the
process of vorticity development associated with moist baroclinity is more general in
monsoon dynamics.
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